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It has recently been suggested that the gravitational dynamics could be obtained by requiring the
action to be invariant under diffeomorphism transformations. We argue that the action constructed
in usual way is automatically diffeomorphism invariant in nature, which thus invalidates this alter-
native perspective to obtain gravitational dynamics. Especially, we also show what is wrong with
the technical derivation of gravitational dynamics in the alternative approach.
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As is well known, like any other classical field equation, Einstein’s equation can also be established by the powerful
variational principle. The corresponding action for gravity is the so called Einstein-Hilbert one plus the ever neglected
surface term, i.e.,
S[gab] =
∫
U
R+ 2
∫
∂U
K, (1)
where R is the Ricci scalar and K is the trace of the extrinsic curvature of the boundary[1].
Recently, Padmanabhan suggested that Einstein’s equation plus an undetermined cosmological constant can be
derived from a new perspective[2, 3]. Later Sotiriou and Liberati reformulated this approach in [4]. Here is the
outline of the reformulation in [4]. Let fλ : U → U be a one-parameter family of diffeomorphisms. Imposing the
diffeomorphism invariance on this action, one has S[gab] = S[(fλ∗g)
ab], where fλ∗ is the usual push-forward mapping
associated with fλ. Hence, for such variations, one obtains
0 =
dS
dλ
=
∫
U
δS
δgab
dgab
dλ
=
∫
U
δS
δgab
Lξg
ab = 2
∫
U
δS
δgab
∇aξb, (2)
where ξb is the vector field, which generates fλ, to be parallel to the boundary. Later, if one further requires
Lξg
ab|∂U = 0, i.e.,∇aξb +∇bξa|∂U = 0, then
δS
δgab
reduces to Gab, which follows
0 =
∫
U
Gab∇
aξb =
∫
U
∇a(Gabξ
b)−
∫
U
(∇aGab)ξ
b =
∫
∂U
Gabn
aξb −
∫
U
(∇aGab)ξ
b, (3)
where na is the normal vector field to the boundary. Now taking into account the fact that the above equation holds
for arbitrary U and arbitrary vector field ξa except that it satisfies both ξana = 0 and ∇aξb + ∇bξa = 0 on the
boundary, the Bianchi identity can be obtained, i.e.,
∇aGab = 0, (4)
which implies
∫
∂U
Gabξ
anb = 0. (5)
Especially, invoking ξa arbitrary, apart from being equal to the generator of so called Rindler horizon on the boundary,
the authors of [4] claim that Eq. (5) leads to
Gab = F (g)gab, (6)
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2where F (g) is some scalar depending on the metric. Furthermore, Using Eq. (4), and taking the covariant derivative
of both sides of Eq. (6), one obtains F (g) = Λ, an undetermined cosmological constant. That is the sketch for the
crucial point in [4].
However, we stress that the action (1) is manifestly independent of choice of coordinate system, which is the
alternative representation for the automatical diffeomorphism invariance of the action in the passive viewpoint[1].
Therefore, the action constructed from any Lorentzian metric is automatically invariant under those diffeomorphisms
mentioned before. Obviously, this Lorentzian metric has not to satisfy Einstein’s equation plus an undetermined
cosmological constant, which invalidates the alternative derivation of Einstein’s equation by diffeomorphism invariance
of the action[5]. Virtually, not only the action for gravity but also the action for matter fields is automatically invariant
under such diffeomorphisms, which essentially originates from the fact that the involved fields are all formulated in
terms of tensor fields on a manifold[1].
Now we would also like to identify the loophole in the derivation of [4]. Note that Eq. (5), which is essentially Eq.
(17) in [4], is correct. The key question is whether any meaningful information can be extracted from it. The authors
of [4] argued that Eq. (5) implies Eq. (6) that leads to the desired field equation. However, we shall show that Eq.
(5) gives no information on the metric. Let ǫabcd and ǫ˜abc be the volume elements on U and ∂U , respectively, such
that the relation
1
4
ǫabcd = n[aǫ˜bcd] (7)
holds[1]. Let va = Gabξb. Contracting v
a into both sides of Eq. (7) and restricting the resulting 3-forms to vectors
only tangent to ∂U , one finds
ǫabcdv
a = (nav
a) ǫ˜bcd . (8)
Note that the right-hand side of Eq. (8) is just the integrand in Eq. (5). Let d be the derivative operator defined in
[1], mapping a p− 1-form to a p-form. It is not difficult to show (see also [1]) that
de(ǫabcdv
a) = (∇av
a)ǫebcd . (9)
Using the Bianchi identity and the Killing equation satisfied by ξa, we have
∇av
a = ∇a(G
abξb) = 0 . (10)
This shows that the left-hand side of Eq. (8) is a closed form. According to the results in [6](see also [1]), such a form
must be exact, i.e., there exists a form βcd such that
ǫabcdv
a = dbβcd . (11)
Thus, the integrand of left-hand side of Eq. (5) is an exact form. Consequently, the integral vanishes if ∂U is a
compact boundaryless surface (this is the case relevant to our discussion). Therefore, Eq. (5) always holds for any
metric for which the Killing equation is satified on the boundary, and such nontrivial information as Eq. (6) on the
metric can not be provided by Eq. (5).
In conclusion, this paper demonstrates that the alternative derivation of gravitational dynamics by diffeomorphism
invariance of the action is infeasible. We accomplish it by both making it obvious that the diffeomorphism invariance
of the covariant action holds automatically for any metric and pointing out the mistake made in the alternative
derivation.
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